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A general numerical procedure is developed to solve the integro-differential equa-
tion that describes the binary disintegration of macromolecules. The key step in this
procedure is the application of the Method of Lines to convert the integro-differential
equation into a set of ordinary differential equations which are then integrated using
commercial scientific computing software. This procedure is applied to a number of
progressively more complex disintegration kinetics and for arbitrary initial concentra-
tion distribution. Its performance and potential for generalization are briefly discussed.
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Introduction

In many chemical, biochemical, and industrial processes,
macromolecules are cleaved by different means and for dif-
ferent purposes into a collection of smaller fragments of
assorted sizes. For example, in thermal cracking of petroleum
fractions, large hydrocarbon molecules are split into smaller
ones by exposure to elevated temperatures. In bioprocessing
and biochemical reactions, complex polysaccharides are fre-
quently hydrolyzed by enzymes into a collection of oligosac-
charides and/or sugars. In the recycling of waste plastics,
large polymer molecules are converted into short-chain
hydrocarbons by sonification, thermal, or chemical degrada-
tion. In all these processes an important factor is, of course,
the rate at which the disintegration reaction takes place, but
of equal importance is the concentration distribution of the
products formed. While the rate of disintegration is con-
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trolled by some appropriately defined average rate constant
of the reaction, the shape of the concentration distribution
curve (CDC) and its evolution with time depend on the rela-
tive ease with which the various chemical bonds in a macro-
molecule can be cleaved. Thus the concentration distribution
depends not on a single kinetic parameter but on a large
number of parameters each describing the rate at which a
particular chemical bond in the macromolecule is cleaved.
An added complication is that the rate of disintegration asso-
ciated with a particular chemical bond is, in general, not
only a property of the chemical bond itself but may depend
on the location of that bond within the macromolecule. Thus
the task of computing the CDC and its evolution is not a
trivial exercise even for the simplest macromolecules.

For this reason such curves have only been reported for a
restricted number of cases in which the kinetic parameter
associated with a particular bond is assumed to be a simple
function of the overall molecular weight and/or of the loca-
tion of that bond within the molecule (consequently a func-
tion of the molecular weight of the products formed). Even
with these restrictions, the computation of CDC very often

Vol. 54, No. 10 2699



requires mathematics and numerical analysis that may not be
familiar to investigators of macromolecule disintegration.
The aim of this investigation is to develop a simple and yet
general computer-based numerical procedure for obtaining
CDC that is not restricted to simple disintegration kinetics.
The procedure will make full use of the flexibility of the sci-
entific computing software currently on the market so as to
keep the effort of computer code development to a minimum.
This procedure will be demonstrated by a number of exam-
ples, and where possible, the resulting CDC will be com-
pared against that reported in the open literature.

Continuous Kinetics and Disintegration Rate

The molecular weight of a typical macromolecule will be
denoted by m and the minimum and maximum molecular
weight encountered in a disintegration process will be denoted
by Mpin and mpy,.y, respectively. Typically, mi,,y is of the order
of 10° or 107 or larger and m,;,, depending on the extent of
the disintegration reaction, can be several orders of magnitude
smaller than m,,,. For such a large variation in m, it is physi-
cally realistic and computationally convenient to treat the mo-
lecular weight as a continuous variable between the limits
Mmin < M < M. The composition of a mixture of macro-
molecules undergoing disintegration is described, at anytime,
by its concentration distribution in the form c(m, ), where
c(m, t) om represents the concentration of macromolecules
with molecular weight between the interval m — dm/2 < m <
m + om/2. Given an arbitrary initial composition, i.e., c(m, 0),
the following numerical procedure described will compute the
evolving concentration distribution c¢(m, t) for t > 0.

The governing equation for ¢(m, ) is*

% _ / k (m,my)c(m, t)dm,

P
+2 / k(my, m)c(my, t)dm;,

m

=— / k (m, my)dmy, pc(m, 1)
Mp=Mmin
Py
+2 / K(me, m)c(me, dm, (1)

me=m

In some textbooks this is referred to as a population balance
equation. This equation implicitly assumes that the macromo-
lecules is essentially linear and is homogeneous along its
entire length and utilizes the symmetry resulting from this. k
is the kinetic “constant” of the disintegration. See the fol-
lowing discussion regarding its variation with molecular
weights and some of the assumptions involved. The first inte-
gral on the right-hand side (RHS) gives the rate of disappear-
ance of macromolecule m as a result of its disintegration into
smaller macromolecules m, and m — m, (where m, < m).
The second integral gives the rate of formation of macromol-
ecule m arising from the disintegration of larger macromole-
cules m, into m and m, — m (where m, > m). The numerical
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coefficient 2 associated with this integral is a consequence of
the assumption that the two ways that this disintegration can
take place occur at the same average rate. Together the two
integrals give the net rate of formation of m. Apart from
some differences in notation, this is the equation used by
Ziff and McGrady2 in their study of polymer degradation.
The term c(m, t) in the first integral is independent of the
variable of integration my and can therefore be taken out of
the integral sign. This leads to slight simplification in the
subsequent computation.

In arriving at Eq. 1, it is assumed that the binary disinte-
gration of a macromolecule m,

my — my + (my — myp) 2)

is essentially first order with respect to c(m,, 1), i.e.,"

de(my)
dt

= —k(my, my)c(m, 1) 3)

k(m,, mp) is the first-order rate “constant” for this particular
binary disintegration. It is, in general, not a constant but
depends on the molecular weight of the entity undergoing bi-
nary disintegration and that of the products formed. This is
emphasized by writing the first-order rate “constant” as a
general function of two independent variables k(m;,, my). The
first variable in k(m,, m,) is the molecular weight of the entity
undergoing binary disintegration and the second variable is
that of one of the products. To be consistent with Eq. 1, the
condition k(m,, my,) = k(m,, m; — mp) has to be met. The way
k varies with m, and m,, characterizes the binary disintegration
behavior of a macromolecule. For the purpose of computing
the evolving c(m, f) it is assumed that, for any combination of
my and my, in the range {Mmin, Mmax}, the numerical value of
k(my, my) is known. These values are either measured experi-
mentally or obtained via some theoretical considerations. The
inverse problem of deducing k(m,, m,) from observed c(m, 1)
data is also of great practical interest. However, both mathe-
matically and computationally this is an entirely different
problem requiring a completely different solution procedure.3
This problem will not be considered in this investigation.

In all the computation reported in this article, Eq. 1 is first
made dimensionless by defining the following dimensionless
quantities: kinetic parameter K, molecular weight M, and
concentration distribution C,

k(my,mp) m — Mumin c

B )

kmax Mmax — Mmin Cmax

KM, ,M,) =

In these expressions, kmax 1S the maximum value of the func-
tion k(m,, my) for m, in the range Muyin < My < Mpax. Crmax 1S
the maximum value of the initial concentration distribution,
i.e., Cmax = Max(c(m,0)). In terms of these dimensionless
quantities, Eq. 1 takes the form

M
wz— / K(M, M, )dM,| C(M, )
My=0

42 / K(Ms, M)C(M,, 7)aM, (5)

M. =M

October 2008 Vol. 54, No. 10 AIChE Journal



In this equation 7 is the dimensionless time defined as t =
kmax(Mmax — Mmin)t. The dimensionless molecular weight
varies within the range 0 < M < 1 and this greatly simplifies
the numerical solution of Eq. 5 and the presentation of
results.

Solution by the Method of Lines

The unknown C(M, t) appears as a first order partial deriv-
ative on the left-hand side (LHS) of Eq. 5 and also within
the integral in the second term on the RHS. This makes
Eq. 5 an integro-differential equation for C(M, t). There does
not appear to be a general procedure for dealing with this
type of equations. Only a small number of analytical solu-
tions for C(M, 1), for selected and relatively simple K(M,,
M), have been reported in the literature. >~ There is also a
dearth of numerical solution technique for C(M, 1) for arbi-
trary but physically realistic disintegration kinetics and initial
molecular weight distribution.® A possible cause for this is
that integro-differential equations have not been investigated
as extensively as differential equations and integral equations
of various kinds.” In this investigation, the Method of Lines
(MoL) will be applied to solve Eq. 5 for C(M, t). This is an
adaptation of the MoL that is regularly used to solve para-
bolic partial differential equations numerically The perform-
ance of MoL in handling integro-differential equations is not
discussed in standard reference books on MoL.'®

To apply MoL, the independent variable M is discretized
into Ny points, M; = 0, M, M3, ..., M;, ..., My_= 1. Typi-
cally Ny is set between 201 and 801 points. Following from
this, the unknown C(M, 1) at these discretization points is
represented by a finite collection of unknown functions, of a
single independent variable t, defined by Ci(t) = C(M,, 1),
for i = 1 to Ny. Upon substitution into Eq. 5, the integro-dif-
ferential equation becomes a set of simultaneous first-order
ordinary differential equations (ODEs) for the C,(t). These
ODE:s take the general form

dc; d
dt = _{Zainij}CiAM
Jj=1

Ny
+2{Zﬁququq}AM for i=1toNc (6)

q=i

In these equations, K;; = K(M;, M)) and K,; = K(M,, M,)
are the discretized first-order kinetic parameters. The two
integrals in Eq. 5, approximated by numerical quadrature,
now appear as the two finite sums on the RHS of Eq. 6. AM
is the discretization step size. o; and B, are known numeri-
cal coefficients that depend on the method of quadrature
used. For example, if the trapezoidal rule is used to approxi-
mate the integrals then «;; and f8;, are 1/2 for the upper and
lower limits of the integrals and 1 for all the interior discreti-
zation points. If the Simpson’s rule is used, they become 1/3
for the two limits, 2/3 for the odd interior points, and 4/3 for
the even interior points.9

Equation 6 is a set of linear simultaneous first-order
ODEs. The number of equations may be large, of the order
of several hundreds, but they can be integrated numerically
with relative ease using any of the many standard numerical
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routines, such as fourth-order Runge-Kutta, for handling
ODEs. Such numerical routines can be found in most scien-
tific computing software and they normally come with nu-
merical error estimation and automatic adjustment of integra-
tion step size (in 7). All these make the integration of these
ODEs a particularly simple task. In the results reported
below integration of the ODEs was performed using the
ODE solver in the commercial software Mathematica. No
numerical or computation complications were encountered.

Results

Typical C(M, 1), for different assumed kinetics K(M,, M)
and initial concentration distribution C(M, 0), obtained by
the application of MoL to Eq. 5 are reported later. As men-
tioned earlier, some of these will be verified against pub-
lished results. Besides showing the reliability of these numer-
ical results, the other key objective is to demonstrate the ver-
satility and the ease with which this procedure can be
applied to these and other more general kinetics. Apart from
the remarks in passing regarding the physical meaning of the
four cases of K(M,, M) considered later, discussion of the
practical significance of the resulting C(M, t), in the absence
of experimental data, will be kept to a minimum.

Constant disintegration kinetics with uniform initial
distribution

This example deals with the simplest first-order disintegra-
tion kinetics, i.e., K(M;, M,) = 1. This corresponds to a
disintegration rate that is independent of the size of the mac-
romolecule undergoing cleaving and of that of the binary
products. To further simplify the computation, the macromo-
lecules will be assumed to be uniformly dispersed initially,
ie., C(M, 0) = 1.

Typical results of the MoL computation are plotted as con-
tinuous curves in Figure 1. They show the variation of C(M,
7) with T for M = (0, 0.2, 0.4, 0.6, 0.8, 1.0). These curves
show that larger macromolecules, M greater than about 0.6,
decrease monotonically while the smaller ones increase ini-
tially reach a peak and then decrease. The smallest molecule,
of course, increases monotonically. This simple case has
been investigated by Kehlen et al.” and they reported an
exact solution of the form

_ e
14201 — Mye+ LM 12‘/1)1 M ()

CM,7) =
For comparison, their results are shown as discrete points in
Figure 1. There is essentially no difference between the MoL
results and their exact analytical results. For this kinetics the
concentration changes relatively slowly with M and also with
7. It was found that the MoL results, even with N as low as
51, are already indistinguishable from the exact analytical
solution. The results shown in Figure 1 are for N, = 301.

Kinetics proportional to reactant size

Another disintegration kinetics that is regularly reported in
the literature is K(M,, Mp) = M,. This corresponds to the
simple but physically plausible assumption that the larger
macromolecules will disintegrate faster than the smaller
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Figure 1. Variation of concentration with time for uni-
form kinetics and uniform initial dispersion.

The curves are from MoL computation and the discrete
points are exact solution.” M = 0 (uppermost), 0.2, 0.4,
0.6, 0.8, 1.0 (lowest).

ones. As K is independent of the size of the products M, and
M, — M,, this kinetics implies that a macromolecule is
equally likely to disintegrate at any location within its struc-
ture, i.e., the case of random scission. This may be a realistic
assumption for linear macromolecules with uniform structure
along its entire length.

To demonstrate the flexibility of MoL in coping with
Eq. 5 with arbitrary but physically realistic initial concentra-
tion distribution, it will be applied to this kinetics for a col-
lection of macromolecules that are nonuniformly dispersed.
The initial C(M, 0) considered here is shown in Figure 2a. It
is in the form of a beta function given by C(M, 0) =

962,219.8157(1 — M)°M"®. The numerical coefficient is a
consequence of normalization. The functional form of this
distribution is irrelevant to the MoL procedure as it only
requires the values of C;(t = 0) at the discretization points
of M. This initial distribution will be used in all the subse-
quent MoL computation.

The C(M, t) curves generated by MoL for this case are
shown as continuous curves in Figure 2b. Instead of plotting
the C,(t) curves for selected 7, the values of C,(7) for i = 1
to Ny at a selected 7 are computed and the points are then
joined up to yield a complete C(M, 1) curve for the selected
1. For Ny sufficiently large, greater than 201 or thereabout,
the resulting C(M, 1) appears as smooth curves. The curves
in Figure 2b are for © = (0, 1, 2, 5, 8) with Ny, = 301. They
show clearly that the peak exhibited by C(M, t) moves to-
ward lower M as t increases, and as expected, the larger
macromolecules are disappearing at a significantly higher
rate than the smaller ones. For the range of t covered in Fig-
ure 2b, macromolecules smaller than ~0.6 increase monotoni-
cally. The concentrations of these smaller fragments have
greatly increased even for the relatively small t covered in
Figure 2b.

As in the previous example, the results of MoL computa-
tion are checked against the following exact solution:

1
C(M,7) = [C(M,0) + 2t / C(M,,0)dM,)e ™7 (8)

This is based on the solution reported by Ziff and McGrady.*
The integral on the RHS can be evaluated explicitly for the
initial distribution in Figure 2a. However, the resulting
expression for C(M, 7) is too lengthy to print out in full and
does not shed much light on the general trend of how the
concentration distribution change with M and with 7. Instead
this expression is stored in computer memory to be retrieved
and evaluated numerically when required. The C(M, 1) given

1 =
0.8 F 5
gtor i
= =
“ 04 F “
0.2 F s
0
0 | 1 1 1 L ] I L L 1 1 1
0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0
a M b M
Figure 2. (a) Arbitrary initial concentration distribution used in MoL computation. (b) Concentration distribution
curves for kinetics proportional to reactant size.
The curves are from MoL computation and the discrete points are the exact solution.* T = 0 (lowest at M =0), 1, 2, 5, 8 (uppermost).
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Figure 3. (a) Variation of kinetic parameter with molecular weights. Rate of disintegration is proportional to M,
(reactant) and to M, and M, — M,, (products). (b) Concentration distribution curves for the kinetics shown

in Figure 3a.

The curves are from MoL computation and the discrete points are the exact solution.” M* = 0, 5, 10, 25, 50, 100, 125, 150, 175, 200.
The maximum in concentration moves from right (at M =~ 0.8) to left (M =~ 0.15) as 7 increases. [Color figure can be viewed in the online

issue, which is available at www.interscience.wiley.com.]

by this exact expression are shown as discrete points in Fig-
ure 2b. Again these are indistinguishable from the MoL
results.

Kinetics proportional to reactant and product
molecular weights

It is frequently theorized that not only are larger macromo-
lecules more likely to disintegrate than smaller ones and that
when they disintegrate they are more likely to break closer
to the midpoint of the macromolecule than near to the two
ends. For example, experimental data of mechanically and
ultrasonically induced disintegrations appear to conform to
this kinetics.'"'? This general kinetic behavior can be cap-
tured by a relatively simple kinetic function of the form

K(M,,My) = 4M;My(M, — M) ©

According to this dimensionless expression, the rate of disin-
tegration is directly proportional to the size of the reactant
M, and also to that of the binary products M, and M, — M,
A plot of this kinetic function is shown in 3D in Figure 3a.
The numerical factor of 4 that appears in Eq. 9 arises from
the way it have been made dimensionless so that its maxi-
mum value is unity. It is clear from this expression that, for
any M,, the disintegration rate is at a maximum at the mid-
point of the macromolecule and decreases to zero toward the
two ends. Thus not only are the products of disintegration
more likely to be made up of two mid-sized fragments than
a relatively large fragment accompanied by a very small one,
but also the rate of formation of small fragments approaches
zero as the size gets smaller.

The MoL results for the disintegration according to Eq. 9
are shown in Figure 3b. These are presented in the same for-
mat as that in Figure 2b and are for the same initial distribu-
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tion as in Figure 2a. There are very significant differences
between the C(M, t) in Figure 2b and that in Figure 3b. For
the present kinetics, the C(M, t) for small M do not increase
as rapidly as those in Figure 2b. This can be seen in Figure
3b that, for small M, the values of C(M, 1) remain moderate
even for 7 that are an order of magnitude larger than those
covered in Figure 2b. In fact, according to the MoL results,
the concentration of the smallest disintegration product, M =
0, does not increase at all with time and remains at zero.
While all these observations are consistent with the disinte-
gration kinetics described by Eq. 9, the extent to which they
reflect the behavior of real macromolecular systems can be
checked by solving the inverse problem of disintegration
kinetics. In this problem the starting point is a set of experi-
mentally measured C(M, 1) data at a sequence of increasing
7. The problem is then one of deducing from these data the
form of k(m,, myp) and the constants associated with it. This
is mathematically a very different problem and is not consid-
ered in this investigation.

Browarzik and Kehlen’ reported an exact solution of C(M,
1) for this particular kinetics for a monodisperse initial distri-
bution. Through linear superposition this solution can be
used to generate the analytical expression for C(M, 1) for the
initial distribution shown in Figure 2a (see also Ref. 6). As
in the previous examples, these exact analytical results are
shown in Figure 3b as discrete points and there is no noticea-
ble difference between them and the MoL curves. It should
be pointed out that the expression for the exact C(M, 1) is
far too complicated and lengthy to be handled manually or
printed out. The use of scientific computing software with
symbolic manipulation capability becomes absolutely essen-
tial to generate and evaluate this exact expression. In fact the
computing requirements to handle and evaluate this expres-
sion for the initial distribution in Figure 2a are not much less
than that for generating the numerical solution using MoL.
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Figure 4. Concentration distribution curves for power-law kinetics. (a) («, ) = (0.5, 1.0); (b) (, f) = (1.0, 0.5).
From right to left: - = 0, 5, 10, 25, 50, 100, 125, 150, 175, 200.

Power-law kinetics

The following disintegration kinetics is a direct generaliza-
tion of that in Eq. 9:

K(M,, M) = 4(M,)* (M) (M, — M,)" (10)
where o and f can be regarded as empirical power-law indi-
ces. Kinetic expression of this general form has been
explored by various investigators.'* To be consistent with the
assumptions implicit in Eq. 1, the power-law indices associated
with the two products have to take on the same numerical
value. By varying these indices the nature of the disintegra-
tion kinetics can be altered. Setting o < 1, for example,
means that the size of the macromolecules undergoing cleav-

ing becomes more important in determining the rate of disin-
tegration. On the other hand setting ff < 1 increases the

MxC(M.,1)

influence of the binary products on the disintegration rate.
K(M,, Mp) can become unbounded for negative o or f# and
will require special treatment in the MoL solution process. In
the absence of physical justification of negative indices, MoL.
computation for such indices has not been attempted.

Typical outcomes of the MoL computation for the power-
law kinetics are shown in Figures 4a, b. These are for the
combinations («, ) = (0.5, 1) and (1, 0.5), respectively. The
general shape and trend of the C(M, t) curves for these two
combinations of indices, as well as those for others, appear
similar but their disintegration rates are quite different. A
search of the literature has failed to locate analytical solu-
tions for these or other arbitrary combinations of the indices.
The reliability of these numerical results can, however, be
checked by examining the plots of the first moment of C(M,
7) i.e., M X C(M, 1) vs. M for different 7. These are shown
in Figures 5a, b, again for the combinations (x, ) = (0.5, 1)

Figure 5. First moment of concentration for power-law kinetics. (a) («, g) = (0.5, 1.0); (b) («, p) = (1.0, 0.5).
From right to left: = = 0, 5, 10, 25, 50, 100, 125, 150, 175, 200.
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and (1, 0.5), respectively. The area under each of these
curves represents the total mass of the macromolecules
undergoing disintegration and should therefore remain con-
stant for all 7. With Ny = 601, this is indeed so for all the
curves in Figures 5a, b and serves as a partial check of the
reliability of the MoL results. In general, if C(M, 1) is
required for large 7, when the distribution curves have shifted
significantly toward the left of the M axis and the C(M, 1)
curve has become narrowly dispersed then a larger N will
be required. This is to keep the errors incurred by the
approximation of the two integrals in Eq. 5 by numerical
quadrature under control. Ensuring that the area under the
first moment curves remains constant has in fact been used
to check and guide the selection of Ny in all the MoL results
reported earlier.

Discussion

The evolution of the CDC C(M, t) of macromolecule dis-
integration is described by an integro-differential equation.
This equation does not have a general solution and the small
number of the solutions reported in the literature, both
analytical and numerical, are for special cases of simple dis-
integration kinetics. It is also restricted to simple, such as
uniformly dispersed or monodisperse, initial concentration
distribution. It is true that the governing integro-differential
equation is linear in C(M, 7) and so the principle of linear
superposition can be applied to cope with arbitrary initial
molecular weight distribution. However, the resulting analyti-
cal solution obtained by superposition can be quite unman-
ageable. Examination of the solution procedures of the inte-
gro-differential equation for C(M, 7) reported in the literature
confirms that most of these procedures assume a level of
training in mathematics and numerical analysis that does not
match up with that of most of their would-be users. There is
clearly a need for an easy to apply general solution technique
that can cope with most physically realistic disintegration
kinetics and initial conditions.

Adaptation of the MoL to convert the integro-differential
equation into a set of first-order ODEs, admittedly a large
set, is just such a general method. When MoL is combined
with the numerical routines for handling simultaneous ODEs
implemented on commercial scientific computing software it
becomes particularly simple to implement and to apply. This
simplicity as well as its reliability has been demonstrated by
the selected examples. In this investigation it was found that
a typical set of 301-601 simultaneous ODE of the form
given Eq. 6 can be solved using Mathematica in no more
than 3-5 min on a 1 GHz PC. While this computation time
is far from excessive and can be speeded up if so desired,
the greatest attraction of MoL is the ease with which this
scheme can be implemented and run routinely requiring only
knowledge of numerical methods covered in most science
and engineering courses.

The four cases investigated here are just some of the most
widely discussed disintegration kinetics. There are a few
other popular kinetics proposed in the literature.™'*'> Some
of which have been solved analytically and for others only
limited solutions, such as for some specific initial concentra-
tion distributions, or approximate solutions are available.>'*®
Because the MoL technique is independent of the functional
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form of the kinetics it is equally applicable for all these
kinetics models. More importantly, it is likely that experi-
mentally determined disintegration kinetics is only known
numerically with no known or convenient functional form.
For such cases analytical solution is clearly not feasible. The
MoL technique which does not require the kinetics to be
described explicitly in functional form should remain appli-
cable for such a situation, provided the kinetics data can be
interpolated numerically. The same can be said regarding the
initial concentration distribution. The MoL remains applica-
ble if the measured initial concentration distribution cannot
be represented in functional form.

Implicit in the derivation of Eq. 1 is the assumption that
the binary disintegration of macromolecules is first order in
terms of the concentration of the cleaving entity. It is also
assumed that the disintegration is essentially irreversible, i.e.,
smaller macromolecules do not recombine to form larger
ones. Relaxation of these assumptions will require the inte-
gro-differential equation (Eq. 1) to be modified, for example,
by the inclusion of another integral to describe the recombi-
nation kinetics. As this integral is likely to involve the prod-
uct of the concentrations of the two recombining entities,
this makes the integro-differential equation nonlinear.' Ana-
Iytical solution to such an equation is even more difficult to
come by. In contrast, the MoL procedure described in this ar-
ticle remains applicable. It can still be applied to convert the
nonlinear integro-differential equation into a set of ODEs.
The only difference is that these ODEs will now be nonlin-
ear. Furthermore these ODEs can still be, in principle at
least, integrated by Runge-Kutta or other ODE solvers. The
main issue will then center on whether nonlinearity is likely
to introduce numerical problems for the ODE solver and
how these can be overcome. These issues can best be investi-
gated when specific and realistic nonlinear kinetics of recom-
bination can be found. This problem has not been attempted.

For all the results reported above, the integrals in Eq. 5
were approximated using the trapezoidal rule. This was done
with the sole aim of keeping the computer code simple. The
limited numerical experimentation in which the Simpson’s
Rule was used did not show up any significant improvement
in accuracy or saving in computing time. Investigations of al-
ternative ways of approximating these integrals, such as col-
location or finite element methods, are currently in progress.
The closely related issue of numerical error propagation in
the MoL discretization step is also under investigation. Inter-
ested readers should consult Brunner®® concerning these and
many other issues associated with the numerical solution of
integro-differential equation in general.

Conclusion

The MoL coupled with a standard ODE solver imple-
mented in most scientific computing software provides an ef-
ficient mean of obtaining the evolving molecular weight dis-
tribution curves of macromolecule disintegration. The
method is simple to apply, is applicable to arbitrary initial
dispersion of macromolecules, and is not restricted to simple
binary disintegration kinetics. The numerical nature of this
approach also means that it has the potential of being
extended to cope with the nonlinearity associated with re-
versible disintegration.
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